Nonlinear phenomena emerging from the coupled behaviour of a pair of oscillators have attracted considerable research attention over the years, of which, amplitude death (AD) and phase-flip bifurcation (PFB) are two noteworthy examples. Although theoretical research has postulated the coexistence of AD and PFB upon variation of different control parameters, such an occurrence has not been reported in practical systems. Here, we provide the first experimental evidence of the coexistence of AD and PFB in a physical system, comprising of a coupled pair of candle-flame oscillators. As the strength of coupling between the oscillators is increased, we report a decrease in the span of AD region between the states of in-phase and anti-phase oscillations, leading up to a point of PFB. Understanding such a switching of phenomena between AD and PFB helps us to evade their undesirable occurrences such as AD in neuron and brain cells, oscillatory state in prey-predator systems, oscillatory spread of epidemics and so forth.
System of coupled oscillators has become an extensive area of research due to the emergence of various intriguing nonlinear phenomena [1] [2] [3] [4] . Mutual coupling between oscillators can give rise to synchronization 4 and amplitude death 5 (AD). Synchronization is a universal phenomenon characterized by an adjustment of rhythms of coupled oscillators, whereas AD is the cessation of their oscillations. The transition from one synchronization state to another can occur gradually through an intermediate state of AD 6 or with a sudden shift known as phase-flip bifurcation 7 (PFB). To elaborate, during PFB, oscillators exhibit a sudden shift in their synchronized state from in-phase (IP) to anti-phase (AP) along with a jump in their frequencies 8 . Such coupled behaviours are of importance in various physical, biological, chemical, ecological, and engineering systems [9] [10] [11] [12] [13] . Although most of the theoretical studies indicate the individual or combined occurrence of AD and PFB 5, [14] [15] [16] [17] , an experimental evidence of their coexistence in a physical system has not been reported to the best of our knowledge.
Here, we show the coexistence of AD and PFB for the first time in a physical system. The system presented in our study comprises of coupled candle-flame oscillators (refer Fig. 1 ), whose synchronization has recently become a topic of immense interest [18] [19] [20] . The basic requirement for synchronization is the presence of self-sustained oscillators and the coupling between them 4 . Since such self-sustained oscillations are not exhibited by a single candle flame (which only shows transient fluctuations called flickering), a set of 3 or more candles, referred to as candle-flame oscillator, are ignited to form a single flame which exhibits self-sustained limit cycle oscillations 18, 21 . Studies on mutual coupling between a pair of such oscillators have so far reported the presence of IP and AP states alone, when the distance between them is varied 18 . In the present study, we explore the transition from IP to AP in candle-flame oscillators, which can occur gradually through an AD state or by PFB. To demonstrate such transitions, control parameters such as the distance between the oscillators (d) and the number of candles in each oscillator (N C ) are varied. Varying d serves as a mechanism to change the time delay between the oscillators, whereas N C aids in changing their amplitudes of oscillations and thereby their coupling strength. The transition with the presence of AD is described here in candle-flame oscillators consisting of four candles each. Figure 2 shows the dynamical states manifesting IP, AD, AP and desynchronized oscillations observed due to mutual interaction between the candle-flame oscillators over various values of d. At small values of d (0 cm to 1 cm), they exhibit IP synchronization (see Supplementary Videos 1 and 2), during which the time series of each oscillator (I 1 and I 2 ) fluctuates with nearly 0 deg phase difference (Fig. 2a) . The collapse in the amplitude correlation plot (I 1 against I 2 ) into a line having a slope of positive unity (Fig. 2a) reasserts the presence of IP state. When d is increased beyond 1 cm, we notice a cessation of oscillations in both oscillators (Fig. 2b) . We refer to this state as AD (see Supplementary Videos 3 and 4). The cluster of trajectory around the origin in the amplitude correlation plot implies the presence of AD in the signal (Fig. 2b) . When d is sufficiently high (2 cm to 5 cm), both oscillators regain their oscillatory behaviour. However, at these distances both the oscillators exhibit AP synchronization (see Supplementary Videos 5 and 6), wherein the time series of each oscillator shows a phase difference of nearly 180 deg (Fig. 2c) . Collapsing of the amplitude correlation plot into a line with a slope close to negative unity (Fig. 2c) reaffirms the AP synchronization of these oscillators. As d is increased further (beyond 5 cm), we observe desynchronization (DS) (see Supplementary Videos 7 and 8) of coupled candle-flame oscillators. At this state, we see an increased presence of IP oscillations in between AP oscillations in an arbitrary manner (Fig. 2d) . This increased switching between IP and AP is further reflected in the amplitude correlation plot, wherein the plot fills the entire plane (Fig. 2d) .
Results
Apart from these steady states observed at particular ranges of d (shown in Fig. 2a-d) , we also see transition states (TS) at the boundaries of AD. Figure 2e ,f show the existence of such states in the transition from IP to AD, and AD to AP, respectively. The silent region represents AD, whereas the bursts show IP oscillations in Fig. 2e (see Supplementary Video 9) and AP oscillations in Fig. 2f (see Supplementary Video 10). The evidence of such transition states further reasserts that the transition from IP to AD and that from AD to AP is not sudden, but happens gradually.
Furthermore, we quantify the synchronization behaviour of candle-flame oscillators with change in d using various quantitative measures such as dominant frequency (f) of oscillations ( Fig. 3a) and Pearson's correlation coefficient (ρ) between the signals (Fig. 3b) . When two oscillators are in IP state (Fig. 3a) , we observe that the dominant frequencies of both the oscillators are below their uncoupled frequency value. As these oscillators transition from IP to AP via AD state, we notice a sudden jump in the values of their dominant frequencies (Fig. 3a) to a value greater than their uncoupled frequency. A possible explanation for this variation in frequencies is the change in the interaction of vortices formed due to the instabilities of buoyancy-driven flows around the oscillating flame of each candle-flame oscillator 20 . When the oscillators are nearby, the inner portions of the vortices merge with each other resulting in the inhibition of oscillations and thereby a reduction in their frequencies. On the contrary, when the oscillators are sufficiently far apart, alternate formation of such vortices enhances the oscillation in each oscillator leading to an increase in their natural oscillation frequency. During the state of AD (Fig. 3a) , we do not observe any dominant peak in the amplitude spectra of both the oscillators, due to the complete disappearance of vortex formation in both the oscillators. However, we see the presence of oscillations The horizontal dotted line in (a) corresponds to the dominant frequency of 11.6 Hz obtained from the individual oscillator in an uncoupled state. IP oscillations can be characterized by the drop in the frequency value as well as ρ tending to positive unity. In contrast, AP oscillations are characterized by an increase in the frequency value when compared to the uncoupled oscillator as well as ρ tending to negative unity. The transition from IP to AP in the frequency plot (in a) is interposed by the region of AD state. The red circles correspond to the transition states (TS) where the frequency peak in the amplitude spectra represents the oscillatory regions observed in the signals of these states. As the oscillators move to desynchrony, the frequency fluctuates around the frequency of uncoupled oscillators along with ρ moving towards 0, highlighting the reduction in interaction between the oscillators. The amplitude variation of the signals from both oscillators, obtained in terms of root mean square value, as a function of d is provided in Supplementary Fig. 1 . during the transition states, which correspond to the two points in the TS zone of Fig. 3a , observed at the boundaries of AD. As d is further increased, we observe a decrease in the frequencies of both the oscillators due to a reduction in the interaction between them, finally reaching the value of frequency of an isolated oscillator in the DS region (Fig. 3a) .
This synchronization behaviour is also reflected in the plot of the Pearson's correlation coefficient (ρ) (Fig. 3b) . If the two oscillators are in the IP state, the slope in the amplitude correlation plot tends to positive unity (Fig. 2a) , so does the value of ρ (Fig. 3b) . Conversely, for the AP state, we see a slope which tends to negative unity (Fig. 2c ) and the value of ρ falls near minus one (Fig. 3b) . When the oscillators are in the desynchronized state (Fig. 2d) , the value of ρ approaches zero (Fig. 3b) .
Finally, we investigate the effect of variation in the number of candles (N C ) in candle-flame oscillators. Increase in N C , from 3 to 8, in an isolated oscillator leads to an increase in the amplitude and a small change in the frequency of oscillations (see Supplementary Fig. 2 and Supplementary Video 11). Figure 4 demonstrates the effect of variation in the number of candles (N C ) in a pair of candle-flame oscillators. From Fig. 4a , we observe that the regions of AD (including both AD and transition states) are observed to decrease with increasing N C . At lower N C (e.g. 3, 4 and 5), AD is observed over a considerable interval of d, whereas at higher N C (e.g. 6 and 7), the likeliness of observing perfect AD becomes zero and only regions of transition states are observed. As N C is further increased to 8, we observe the phenomenon of phase-flip bifurcation (PFB), where the oscillators exhibit a sudden transition from a state of IP to AP oscillations, bypassing the intermediary AD state. During this transition, we observe a sudden jump in the relative phase between the oscillators from near 0 deg to 180 deg, at the bifurcation point (Fig. 4b) . In addition to this, while in IP state, we also observe a reduction in the frequency of both the oscillators from the value at their uncoupled state, followed by an abrupt jump in the frequency during the onset of AP state 7 (Fig. 4c) . With increasing N C , we observe a reduction in the AD region along with an advancement in the onset of AP oscillations (Fig. 4a) . We conjecture that with increasing N C , the amplitude of oscillations of individual oscillators increases due to insufficient air supply (see Supplementary Fig. 2 ), which in turn, increases the coupling strength between them. The enhancement in amplitude of the candle-flame oscillations reduces the possibility of displaying AD and develops a tendency in the coupled oscillators to move to a state of higher frequency (AP state, see Fig. 3a ) so as to satisfy their oxygen needs.
Discussion
Here, we examine the coupled interaction of candle-flame oscillators by varying two system parameters (d and N C ). We demonstrate the experimental observation of the presence of AD in between IP and AP states along with PFB in the same physical system. AD can be achieved by various types of coupling such as diffusive, time-delay, conjugate and dynamic 5 . Among these, AD due to time-delay 6, 9 and indirect coupling (conjugate, relay, environmental diffusive) 16, 17, 22 are often observed in physical systems, for instance, biological or chemical oscillators. Time-delay is intrinsic in such systems, as a finite amount of propagation time is required for transmission of the signal from one oscillator to another. In contrast, during indirect coupling, the oscillators are coupled through an intermediate medium (environment). Recent studies 7, 16, 22, 23 have shown that these types of couplings are also responsible for the manifestation of PFB. Since time-delay and indirect (through intermediate medium) couplings are the most important factors responsible for the demonstration of PFB along with AD 7,16,17 , we hypothesize that these coupling mechanisms could play a major role in the synchronization of coupled candle-flame oscillators as well. Such couplings are inherent in the oscillatory combustion of candle flames due to the difference in parameters such as the vaporization rate of wax, the chemical kinetics, and the time required for propagation of the thermal wave from one oscillator to another through a medium of oscillatory convecting current 24 . The increase in d further induces a delay in the coupling of these oscillators, which in turn, is responsible for the demonstration of different modes of synchronization.
The coexistence of AD and PFB allows us to vary the appropriate control parameters in order to choose the most desired phenomena amongst the two. The situation of AD is undesirable in many biological systems, hence a change in a single parameter which helps us to bypass this situation by directly moving to a state of PFB might act as a solution to many non-curable diseases such as Alzheimer's and Parkinson's disease 25, 26 . On the contrary, AD is preferred (due to its remarkable stability) in ecological systems 27 , where an oscillatory phase would lead to the extinction of species in a long-term scenario. Thence, change in a control parameter leading to a switch from PFB to AD would help sustain various endangered species. The oscillatory transmission of measles epidemic in the United Kingdom in the 18 th century which persisted up to 20 th century was discovered to be IP at Birmingham and Newcastle, and AP at Cambridge and Norwich. The occurrence of AD state in such systems would have resulted in a drastic decrease in the spread of these diseases 28 . Furthermore, candle being a simple diffusion flame can also replicate phenomena observed in other large diffusion flames 29 . The application of coupled behaviour of oscillatory flames in a diffusion combustion system ranges from the propagation of natural fires resulting from accidents to human made combustion systems such as industrial, aircraft engine and rocket burners 19, 30 .
Methods
The candles used in the present experimental study were of cylindrical shape, made up of paraffin wax having a length of 15 cm and a diameter of 0.8 cm. A group of three or more such candles (N C ≥ 3) were placed together in order to produce stronger self-sustained oscillations. These candles were tied to keep them intact and burnt after keeping their wicks close enough such that they burn to form a single flame that exhibits limit cycle oscillations. This set of candles is then referred to as a single candle-flame oscillator. We explore two scenarios; one in which N C is same for both oscillators (similar pair) and another in which N C is different in both oscillators (dissimilar pair). In the main text (Figs. 2 and 3) , we present the results of synchronization behaviour of the former with each oscillator consisting of four candles.
The average frequency of natural oscillations of a single isolated candle-flame oscillator, each consisting of four candles, obtained from ten independent trial experiments is measured to be 11.6 Hz with a standard deviation of ± 0.3 Hz. The resolution of frequency in the amplitude spectrum of the signals is approximately equal to 0.1 Hz. The later part of our study uses coupled similar pair of oscillators with N C varying from 3 to 8 (refer Fig. 4) , whose isolated oscillator characteristics are shown in Supplementary Fig. 2 . The second scenario of our study explores the dynamics of a coupled dissimilar pair of oscillators, and its results are discussed in Supplementary Figs. 6 and 7 and for more details refer to Supplementary Videos 12-15.
By moving the candle-flame oscillator placed on a movable platform against the stationary one, we vary the edge to edge distance (D) between them (Fig. 1a ) which leads to a corresponding change in d (D = d + 0.02 cm). Here, d is varied from 0 cm to 2 cm in steps of 0.2 cm, and 2 cm to 8 cm in steps of 0.5 cm. The characteristic distance (d) at which various synchronization modes are observed may vary with ± 0.2 cm with experiments. An acrylic plate with hexagonal packing of drilled holes of 0.4 cm radius is fixed on each platform to ensure that the oscillators are held firmly in place. The traverse system, used to vary d by moving the platform, has a least count of 0.05 cm. The entire system is mounted on a raised platform (height 50 cm) to avoid ground effects on the dynamics of the candle-flame oscillations. All experiments were performed in a closed quiescent room with a completely dark environment.
High-speed imaging of the reaction zone of the flames 31 from both the candle-flame oscillators is performed using a camera (Model-iPhone 6) having a CH* filter (wavelength 435 nm and 10 nm full width at half maximum) mounted in front of its lens. The data are acquired at 239 frames per second for 10 s for each d except during transitional states where the data are acquired for 30 s to have a broader view of the system dynamics. A waiting time of 20 s is enforced after each increment in d, to remove the transient effects and let the oscillators reach a steady state.
The analysis of the data set acquired at every value of d is performed after cropping the portion of each frame in such a way that no two flames of the oscillators appear in a single cropped frame. The local chemiluminescence intensity values of such frames are summed up so as to get a global instantaneous value of the heat release rate for each oscillator in a single video frame. Thus, a time series of such heat release rate fluctuations for each candle-flame oscillator is obtained separately.
The mutual synchronization features of two candle-flame oscillators due to change in the distance between them (d) are characterized by calculating the instantaneous phase difference between their signals 4 , as shown in Fig. 4b . To calculate the instantaneous phase of a signal, we use the analytic signal approach based on Hilbert transform. Hilbert transform derives an analytic representation of a time series signal, that is, the real signal is extended into the complex plane. The analytical signal (ζ(t)) thus obtained will have the original signal (I t ( )) as its real part and its corresponding Hilbert transform (I 
1,2
The synchronization in oscillations restricts the variation in the relative phase to remain bounded, thence exhibiting fluctuations around a constant value of the phase difference 4 . When the oscillators reach a state of desynchronization, the phase difference between them no longer remains bounded, a situation known as phase drifting where N is the number of data points in the signal.
In order to calculate the amplitude correlation between the signals of coupled candle-flame oscillators, we use a measure of Pearson's correlation coefficient 32 (ρ) . This measure quantifies the linear correlation between two signals (I 1 and I 2 ) of coupled oscillators (as shown in Fig. 3b ). Its value lies in between + 1 and −1, which has direct correlation with the slope of the amplitude correlation plot (a plot between I 1 and I 2 , as shown in Fig. 2 ). The value of the correlation coefficient is given by where all summations are from = n 1 to N .
